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Abstract :  Three-mode data pertain to measurements related on the most general approach called Tucker3 
to three entities or "modes". For example, measurements of a analysis that helps one to simultaneously study 
number of objects on a number of variables a t  several different t h e  interact ion between all  th ree  modes 
occasions, would make up a three-mode data set. Such data 
frequently occur in  fields such a s  Agriculture, Biology, (factors). 
Chemistry, Education, Medicine, and Psychology. The 
primary objective of any analysis of such data should be to PROBLEMS WITH THE USUAL ANOVA 
examine the  interact ion between these  three factors APPROACH 
simultaneously and interpret results based on the presence 
or absence of this interaction. In the past, several approaches 
were employed to analyze such data but none looked a t  the 
interaction between the three modes simultaneously. It  was 
not until after 1980's that  appropriate general methods were 
available. This paper  reviews exploratory a s  well a s  
confirmatory approaches to the analysis of three-mode data. 
The most general approach that studies three-way interaction 
simultaneously, called Tucker3 analysis, is mainly focused 
on. Two illustrations are also provided and potential for future 
research is highlighted. 

Key words :  Three-mode analysis, Three-mode principal 
colnponents analysis, Three-way data  analysis, Tucker3 
analysis 

INTRODUCTION 

Three-mode data  pertain to measurements 
related to three entities or "modes". For example, 
measurements of a number of objects on a number 
of variables a t  several different occasions or 
conditions, would make up a "three-mode" data 
set. Such data frequently occur in fields such as 
Agriculture, Chemistry, Education, Medicine, and 
Psychology. Examples also exist in other fields, 
but may not be common. The objective of any 
analysis of such data should be to examine the 
interaction between these three modes (factors) 
simultaneously and then to interpret results based 
on the absence or the presence of three-factor 
interaction. When the number of modes becomes 
higher, the analysis too becomes complicated. On 
the other hand, four or higher order interactions 

Three-way da t a  can be classified into two 
categories: one is data that already exist, for 
example, mortality rates from 17 cancer sites 
in 43 different countries over a 9-year period;' 
the other is data from designed experiments 
such as three-factor factorial. If the experiment 
is replicated, then the analysis is straight 
f o r ~ a r d . ~ ?  However, problems arise when it is 
non-replicated, i . e .  when i t  has one observation 
per cell. The usual  three-way analysis of 
variance (ANOVA) can not be used directly in 
this case, as the experimental error is mixed 
up with the three-factor interaction (if any). 
Common practice in the past has been to ignore 
the three-factor interaction and to use i t  as 
error.4 This approach fails in the presence of real 
three-factor interaction. In a typical three-mode 
analysis, a three-factor factorial model without 
three-factor interaction term is fitted to data 
and the residual from this fitting is decomposed 
using an appropriate model with the view to 
separate three-factor interaction from random 
error. ' 

The analysis of three-mode data is two- 
fold: one is exploratory, where no attempt is 
made to come to conclusions based on statistical 
tests of hypotheses; the other is confirmatory, 
which uses probabilistic ideas and statistical 
theory. 

are not so common in data analysis. Thus in the 
past, the focus has been mainly on three-way data. EXPLORATORYMETHODS 

The objective of this paper is to review the Common tools 
methods of analysis of three-mode data that are 
three-way generalizations of t he  Principal For exploratory analysis, two methods are  
Components Analysis (PCA). Focus will be mainly commonly used.5 Both methods are three-way 



generalizations of the principal components 
analysis  (PCA). One i s  CANDECOMPI 
PARAFAC (CP) analysis where CANDECOMPG 
s t ands  for CANonical DECOMposition, a 
s t anda rd  mul t ivar ia te  technique7 a n d  
PARAFACE, 92 stands for PARAllel FACtor 
analysis. CANDECOMP and PARAFAC are 
supposed to employ the same model and same 
fitting a p p r ~ a c h , ~  and thus considered as one 
method, CP. The second is the most general 
method. I t  was proposed by Tucker", l2 and 
commonly known as  Tucker's three-mode 
analysis, or simply, Tucker3 analysis. The focus 
of this review is mainly on Tucker3 analysis. 

Let{yi jk; i=l ,  2 ,..., l; j = l , 2  ,..., m ; k = l , 2  ,..., n} 
denote a three-way data array, where i, j ,  and 
k represent the three modes respectively. The 
a r ray  {yijk} can be thought  of as  original 
observations or residuals from fitting a three- 
factor-interaction-free model to three-way data. 
In the CP approach, Yp is modeled as 

other modes.5 Further, the relations between the 
s components of mode G , the t components of 
mode H , and the u components of mode E are 
captured by the s x t x u "core" array denoted by 
C . In matrix notation, (2) can be expressed as 

Y, = G C g ( E I Q  H ' )  +E,  

where Yg is an L x rnn matrix version of the 
C x m x n data array; 6, H , and E (with elements 
g,, , hj, ,and e,  respectively) are the component 

matrices of order l x s, rn x t7 and n x u, ; C, is the 

s x tu matrix version of the s x t x u core array; 

Eg is an l x mn matrix of random errors, and @I 
stands for the matrix direct product. Two more 
equivalent expressions of (3) exist and they are 

Y, = HC, (G' €3 E') + E, 

and 

(1) Ye = EC, ( H '  €3 G') + E, 

with corresponding definitions. However, one 
where gir ,  hj,, and ekr denote elements of 
"components matrices" G, H, and E of order needs to use only (3), (4), or (5) when analyzing 

three-way data, as the final result is invariant to 
l x u,  m x u ,  and n x u, respectively; Eijk denotes a 

the version of the model expre~sion.~ 
random error term. Model (1) is fitted to data by 

minimizing x & , ; k  over G, H and E by means of 
Y k  

alternating least squares a l g ~ r i t h m . ~ ~ ~  One can 
easily see that when l= 1, or m = 1, or n = 1 i.e. for 
ordinary two-way data, model (1) reduces to the 
usual PCA model. Kiers give details of the CP 
model and its relationship to PCA; Harshman and 
Lundy , and Harshman .I3 discuss uniqueness 
properties of CP solution. 
Tucker's model l1, l2 for three-way data is given by 

which is an extended version of the CP model. In 
CP model (1) same number of components, u , is 
used in each mode, where as in model (2) different 
numbers s,t, and u can be used in different 
modes. Moreover, in CP each component in mode 
G is related to precisely one component in mode 
Hand one in mode E , where as in Tucker's each 

component is related to every component of both 

Tucker's solution and non-uniqueness 

In contrast to the fact that CP solution is uniquely 
determined, a solution obtained by Tucker3 
analysis is not uniqueU5 Any arbitrary non- 
singular transformations of all component 
matrices simultaneously, do not affect the model 
representation and thus gives another solution. 
For example, consider model (3) above. 

Let ( , , ,  be a solution such t h a t  
A A  A 

fg = GC, (E' €3 H ' )  gives a good approximation 

to Y, . Consider non-singular matrices - - - -  
Ssxs ,  T I x f ,  and U,,, . Then, (G, H ,  E ,  C,) is also 

a solution, where = 6s; = HT; ,!? = ,$u, 
and c, = s-'kg ((u')-' €3 ( T I ) - '  ). This is true, 

(&s)s-Ikg ((ul)-I Q (TI)-' Q (HT) ' )  
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Number of components 

One key s tep in  Tucker3 analysis i s  the  
determination of the number of components in 
each mode that give an adequate fit. Timmerman 
and Kiers14 provided a method called DIFFIT. 
However, since DIFFIT is a systematic approach 
based on a large number of models with all 
sensible combinations of number of components, 
it is found to be time-consuming. An approximate 
but fast method that compared well with DIFFIT 
was later proposed by Kiers and der Kinderen15 
for choosing the  number of components. 
Experience has shown us that s = t = u = 1 gives 
adequate fits for most moderate sized data sets 
where as  in many other cases i t  is  usually 
s 12, t 12,  and ~ 5 2 .  

General analysis 

Once the number of components have been 
chosen, one can use the software called "3WAY 
PACK specifically developed for this purpose by 
Kroonenberg l6 for fitting Tucker3 model. The 
steps of analysis are detailed below: 

Consider models (2) and (3) above. In (2), the 
coefficients c,,, function a s  weights for the 
combination of component of G ,  H ,  and E . If a 
particular c,,, , say c,,, , is zero, then the 2nd, 2nd, 
and 1" combination of components of G, H and E 
respectively, does not contribute towards the 
estimation of the data based on the model. For 
example, assume s = 2, t = 2 and u = 1. Then, if 
czzl = 0, (g ,  O h, O e l )  c,,, does not contribute to 
the estimation of y , where 

sometimes destroy the simplicity of the component 
matrices.18 Hence, a method called joint orthomax 
rotation18 that sees a compromise between the 
simplicity of both the core and the component 
matrices, has been proposed. 

In Tucker3 analysis, usually the unrotated 
solution of model (3) is such that the component 
matrix G consists of unit normalized eigenvectors 
of f g f i  ; H consists of uni t  normalized 
eigenvec&ors of e,?;; and E consists of unit 
normalized eigenvectors of f e f e i .  This unrotated 
solution is sometimes called the principal axes 
s01ution.l"~ Interpretation of the results is mainly 
based on the core array and the component 
matrices. This can be informal, or formal, 
depending on the type of analysis used. These will 
be illustrated later in this paper. 

Graphical displays 

Kiers discusses graphical display of three-mode 
data (i) based on individual modes, and (ii) based 
on combinations of two modes , commonly known 
as joint biplots 20 or joint plots. In case (i), entities 
of each mode is considered as points in a high- 
dimensional space with low-dimensional 
approximations given by Tucker3 or CP soiutions. 
In  Tucker3 for example, ! rows of Yg give 
coordinates for ! points in an s -dimensional 
subspace of .This approximated configuration 
is displayed by finding a basis of the 
s - dimensional subspace as follows: 
1. Re-write model (3) as f = &', say, where 

g k = (I?@ H ) ~ L  
2. Use the method of approximate biplot 21s 22 as 

for a two-way matrix. 

An ordinary matrix of rank 2 can be exactly 
represented by a biplot. When the rank is higher 
than  2, if the  matrix can be satisfactorily 
approximated by a rank 2 matrix, then the biplot 
of the latter gives an adequate representation of 
the former. A systematic way to find a rank 2 
approximation is through singular value 
decomposition (SVD).21 

In general, non-singular transformations of the 
component matrices and  corresponding For the principal axes solution ~en t ioned  in the 
transformation of the core, commonly known as previous section with s = 2 ,  F is colum~wise 
orthogonal rotations, are carried out to obtain a orthogonal and when the two columns of F are 
simple structure of the core,C , to enhance divided by the square roots of the corresponding 
interpretability. l7 However, rotation of the core eigenvalues of f f i  it becomes orthonormal. So, 

g g 
to get a simple interpretable structure, may 6 is rescaled by multiplying the two columns by 
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the square roots of the associated eigenvalues. 
This rescaled 6 is said to contain "principal co- 
o r d i n a t e ~ " . ~  One can plot these principal co- 
ordinates in each mode separately, to get an 
adequate representation of the data matrix. 

The above procedure is for Tucker3 model. The 
same procedure works for y -dimensional CP 
model by simply replacing CL by I: , where I ,  
is the  matrix version of I which is a 
u x u  x u  ar ray  which has  uni t  elements in  
positions (i,i,i), i = 1,2 ,... u , and zeros elsewhere. 
Kiers discusses ways to display data in CP by 
means of biplot approach while keeping the 
"unique axes" feature. 

In case (ii), combinations of any two modes are 
plotted, called joint plots, at  each component of 
the third mode. For example, to plot all  
combinations of G and E mode entities, it suffices 
to use co-ordinates of H. Joint plots are discussed 
by K i e r ~ , ~  Murakami and Kro~nenbe rg ,~~  and See 
and Smith.23 These will be further discussed in 
the illustration. 

A list of references on several other aspects 
of the three-mode analysis based on exploratory 
approach, could be found in Kroonenberg'~.~~ For 
example,computationa1,25~ 26 clustering in the 
absence or presence of missing values 27p 28, and 
ma the rna t i~a l , ' ~ ,  29 are some of these 
aspects.However, majority of Kroonenberg's 24 

bibliography deals with direct applications. 

CONFIRMATORY METHODS 

Attempts to test statistical hypotheses in three- 
way data  with one observation per cell are  
relatively few. Most of these are in the context of 
designed experiments; three-factor factorial, in 
particular. The most common model used is 
Tucker3 for the reasons discussed earlier. 

General model 

Consider the general model for nonadditive 
three-way data,4 

for i = 1 , 2  ,...., !; j = 1 , 2  ,...., m;and k=1,2  ,...., n, 
where it is assumed that all parameters except the 
random error term are fixed and subject to usual sum-to- 

zero restrictions. Subscripts i, j ,  and k represent the 
three modes, as earlier; and Eiik 'S are assumed to be i.i.d. 
N ( 0 , a  ') . Since model (7) is saturated, conventionally 
it has been assumed that z ,, = 0. Let the residuals from 
the model with z iik = 0 be denoted by yuk . When 
xjjk 'S and y,,,'s are presented as lmn -vectors x and 

y respectively, we get 

where E ,  = ( Ie -+J t )@(lm -+J,)@(I ,  - + J , )  

under the assumptions of model (7). I t  can be 
easily seen that E, is symmetric and idempotent. 

Simulation of residuals 

Now consider Tucker3 model, i.e. model (2) above. 
Once the number of components, and  are  
determined, one can re-write model (2) as 

for the residuals using lmn  -vectors for 
corresponding parts. This gives V(y) = V(E), 

but  from, (a) ,  we I get  
V(y) = E, V(x) E, = E, (~ ' I )E ,  = 02 E,E, = 02 E,, 
since Eo is symmetric and idempotent. Therefore, 

the Bmtz -vector of errors, E ,  in (9) is i.i.d. 
~ ( 0 ,  o2 E,) . By taking a2 = 1 without loss of 
generality, this result can be used to simulate the 
residual array Y for three-mode data with known 

levels t ,  m, and n .30 

Testing for three-way interaction 

Marasinghe and Boik 31 discuss a special case of 
model (2) with s = t = u = 1 and review a one- 
degree-of-freedom score test and a likelihood ratio 
test for the three-way interaction nii, and propose 
a three-degree-of-freedom score test for niik as 
follows; Under the assumption of s = t = u = 1 ,  
model (2) reduces to 

where zck i s  modeled a s  cgihjek with 
corresponding vectors g,h,  and e summing to 
zero and having unit norm. Maximum likelihood 
estimates of parameters of model (10) are derived 
31 using alternating least squares approach.32 
Marasinghe and Boik 31 proposed a likelihood 
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ratio test to test for Ziik by testing H, : c = 0.  
The test  is to reject H,for large values of 
E 2  l y'y . Boik 33 provided critical values for this 
test. Boik and M a r a ~ i n g h e ~ ~  also proposed an  
approximation to the above test for which z2  is 
easier to compute than in the usual case with 
alternating least squares algorithm. Marasinghe 
and Boik31 also proposed an estimate of o2 in 
the presence of three-way interaction. However, 
no mention has been made on how to use it for 
tests of hypotheses. 

Finding sub-areas free of three-way interaction 

Suppose the test proposed by Marasinghe and 
Boik 31 leads to rejection of H, : c = 0.  Then, a 
question one would raise is whether one can find 

interaction. The test is to reject H ,  for small 
y'y-E2 

*- , where i is the maximum values of A=- 
Ylv-c 

likelihood estimate of c2 as given by Marasinghe 
and Boik 31 and E***' is the square of the largest 
three-mode singular value o f 
Y *  = (I-S-S)Y((I - T - T ) @  (I-U-U)),where Yexmn 
is the matrix version of the .tmn -vector y ; l9 
S - , T - , and U - denote the Moore-Penrose g- 
inverses of t he  corresponding matrices, 
respectively. Wi~kremasinghe~~ provides critical 
points based on an approximation for the above 
test for limited cases. Joint plot5, 2 0 n  23 may be 
considered as an "exploratory" alternative of the 
likelihood ratio test approach above.4 However, 
this needs to be examined. 

a sub-area free of three-way interaction in the ILLUSTRATION 
assumed form. Wickremasinghe and Johnson4 
proposed a likelihood ratio test  for testing I .  Exploratoy 
H ,  : Sg = 0, Th = 0, and Ue = 0,where Sqoxe, cox,,,, and 
USOX. are contrast matrices Kroonenberg et  a1.l discuss a n  interesting 

a 90 (< ro (< - l), a application of three-mode analysis in the field of 
so (< n - 11, respectively. If not rejected, the test Medicine: Usually in large comparative studies 
would help identify a sub-area free of three-way 

Table 1: Time component of t h e  three-mode analysis 

Year 1968169 1970171 1972173 1974175 1976177 1978179 1980181 1982183 1984185 

Component 1 -.52 -.42 -.27 -.I1 0.02 0.17 0.26 0.37 0.49 

Table 2: Sizes of interaction of stomach cancer  a n d  lung  cancer  wi th  country 

Country Stomach Lung 

Guatemala 
USA Whites 
Canada 
USA Non-white 
Scotland 
Denmark 
Greece 
Cuba 
Spain 
Bulgaria 
Hungary 
Costa Rica 
Austria 
Japan 
Chile 
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of cancer mortality rates, comparative conclusions 
are drawn by visual inspection, and results are 
presented by cancer site or by country. This makes 
comparisons between cancer sites, or between 
countries, difficult. They showed how countries, 
cancer sites,  and  t rends  can be analyzed 
simultaneously, using exploratory three-way 
techniques. A three-mode data set consisting of 
17 tumour sites at  each of 43 countries for a period 
of 9 years was analyzed. Kroonenberg et al.' 
approximated the three-mode data set with a 
2 x 2 ~ 1  Tucker3 model which explained 51% of the 
total  variation in  da ta .  Even though th is  
application is presented here for illustrative 
purposes, it's doubtful whether the explanation 
(i.e. 51%) given by the "core"is adequate. In cases 
like this, we see the importance of methodology 
to test the significance of the magnitude of the 
three-way interaction. An attempt has been made 
by Kroonenberg et al. ' to present results initially 
in an ANOVA, as for a non-replicated three-factor 
experiment. However, the F-ratios given are not 
exact, but pseudo values, for reasons given at the 
beginning of this paper. More work based on 
statistical approach is needed for conclusions in 
this context. Only summary results from the 
three-way approach are given here. Table 1 shows 
the coefficients of the single time component given 
by the Tucker3 analysis. 

Note that there is an increasing time trend in 
Table 1. The coefficients of the time components 
contain information on the changes over years in 
the relationships between cancer sites and 
countries. In particular, an increasing linear trend 
indicates that  the specific relationships are 
linearly increasing or decreasing over time; a 
positive value in the joint plot for sites and 
countries correspond to an  increase, and a 
negative value, a decrease, over time.' In making 
a joint plot, Kroonenberg et al. included only 
countries and sites with at  least one inner product 
larger than 4.0 . Table 2 shows sizes ofinteraction 
of stomach cancer and lung cancer with selected 
countries. 

When entries of Table 2 a re  multiplied by 
corresponding elements of Table 1, one gets an 
approximation of the three-way in te ra~t i0n . l .~~  By 
observing the interactions in Table 2 (or the 
corresponding joint plot which is not given here) 
one can say that mortality due to stomach cancer 
in Chile and Japan were more rapidly decreasing 

than in other countries. A similar but weaker 
trend was observed for Austria, Hungary, and 
Costa Rica. This was in addition to the general 
decreasing trend for stomach cancer. Further, 
Guatemala's mortality rate due to stomach cancer 
was increasing. The three-way interaction also 
showed that mortality due to lung cancer was 
increasing in  Scotland, USA, Canada, and 
Denmark. ' 

2. Confirmatory 

Wickremasinghe and Johnson4 analyzed data on 
hardness of gold fillings by 3 dentists, using each 
of 3 methods, for each of 4 types. They used 
Tucker3 model with s = t = u = 1 . This model with 
single multiplicative term explained 92% of the 
residual variation. Marasinghe and Boik's 31 

method further confirmed that  three-factor 
interaction in the assumed form is significant. The 
estimates of the parameters of the Tucker3 model 
using alternating least squares algorithm were, 

It  was found that the hypothesis of the form 

H ,  : Sg = 0, Th = 0, and Ue = 0, for 

and U = [0 1 - 11 was not rejected at 5% 

level. This means that the sub-area containing all 
combinations of (Typel ,  Type3, Type4) x 
(Methodl, Method3) x ( Dentist2, Dentist3) is free 
of three-way interaction. Thus, there is only one 
observation, i.e. the value corresponding to the 
combination (Type2, Method2, Dentistl) , that 
causes three-way interaction in the data. After 
removing this observation, one could go ahead and 
analyze the usual way. Details could be found in 
Wickremasinghe and J ~ h n s o n . ~  

FUTURE WORK 

This review mainly focuses on Tucker's three- 
mode PCA, as this is the most general approach 
to analysis of three-mode da ta  with one 
observation per cell. A majority of the work listed 
in Kroonenberg's" bibliography, is concerned with 
direct applications of Tucker3 analysis in an  
exploratory context. Very little has been done on 
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confirmatory type analyses. For example, most 
current methods deal with single multiplicative 
term explaining three-way interaction in non- 
replicated three-factor experiments. This is a 
special case of Tucker3 model with s = t = u = 1. 
Statistical methods are needed for cases beyond 
this. However, experience has shown that usually 
a good approximation to three-mode data can be 
achieved with a core of 2 x 2 x 2 or less, in most 
cases. Exact statistical methods are needed to 
identify the correct model. Sometimes, three-way 
interaction, when present, is caused by just a few 
observations. When these are identified and 
removed, the resulting sub-area is free of three- 
way interaction. Methods based on exact use of 
alternating least squares approach, are needed 
for this process. Further, it would be worthwhile 
to investigate the relationship, if any, between the 
exploratory joint plot approach and the likelihood 
ratio approach, for determining the correct model 
for a sub-area of the three-mode data. 
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