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Abstract: The inspiration of this manuscript is reflected power
function (RPF) and size biased distributions. We present a
size-biased reflected power function (SBRPF) distribution
using highly flexible reflected power function distribution. The
resulting distribution is also flexible enough to fit all types of
data either J shaped, reverse J shaped, positive skewed and
negative skewed. We also drive various important properties
of the suggested model. We show the comprehensive analysis
of the proposed model detailing the asymptotic behavior of the
function. We use diverse methods of estimation such as modified
maximum likelihood method (MMLM) , maximum likelihood
method (MLE) , percentile estimator (PE). The numerical
analysis shows that the SBRF distribution remains consistent
while mean square error (MSE) does not decrease as sample
size increases. The real life data sets demonstrate that SBRPF
distribution is a better choice to be compared with other models
exist in the literature. We also reported the use of two control
charts Exponential weighted moving averages (EWMA) and
Extended Exponentially weighted moving averages (EEWMA)
for the shape parameter of the proposed model. From both
Simulation studies and real life application, we observe that
EEWMA is a more effective control chart for detecting early
change during a process for SBRPF distribution.

Keywords: Failure rate components, power function
distribution, reflected distribution, size-biased distribution.

INTRODUCTION

In engineering and related fields, researchers typically
aim to assess the reliability of a module over a specified

period under defined conditions. This need urges
the new researchers to employ some new flexible
distributions to model the lifetime data of different
engineering processes. Probability distributions are used
to draw meaningful inferences from real life problems
and analyze the variations in the data. The probability
distributions basically represent the variability in the
random variables. Due to the continuous evolve in
technology, the complexity of data increases and the
existing distribution falls short of capturing all trends
in data. Keeping in view these circumstances, efforts
are made to produce new distributions, and some
modifications are proposed to the existing distributions.
These efforts include generalization, compounding and
mixing the already existing distributions.

In this research, we incorporate reflected power and
size-biased distributions to develop a unique distribution.
Basically, reflected power function (RPF) distribution
[1] is given as a modification of power function (PF)
distribution. This model is famous for its flexibility
in modeling lifetime data and good for fitting certain
failure data sets. As claimed in [2], the PF distribution
is interconnected to the Pareto distribution. The authors
of [3] explore the PF distribution as a preferable choice
over others for assessing the durability of semiconductor
devices and products.

The one particular case for weighted distribution
is named as the size-biased distribution. It was first
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introduced by [4] in the context of bias modeling and later
expanded into a unified theory by [5]. In practice, this type
of distribution often arises when sample observations are
recorded with unequal probabilities, such as in probability
proportionate to size (PPS) sampling designs.
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The size-biased distribution can be obtained using

x“f(x)

£6) =

where f(x) is the baseline distribution, w(x) is weight
function. It is compulsory that the term E[x*] exist.

A particularly interesting case occurs as the weight
function becomes w(x) = which is known as sized-biased
distribution. For more details, please refer to [6]-[8].

The application of weighted distributions is discussed
details by [9]. Subsequently, [10] analyzed HPS diameter
increment data and applied weighted distributions. More
recently, [11] utilized weight distributions to model a
stochastic population with predictive effects, employing
a stochastic differential equation to compute the gamma
distribution as a weight for the stationary probability
density function (PDF).

Taillie et al. [12] applied weighted distributions
to sample fish stock populations. Also, Gove and Patil
[13] used the same theory for the quadratic relationship
between diameter and basal area. In both above literature,
the said distributions served as straightforward model for
the observed data.

The aim of this research is to apply size-biased
distribution theory to real-world data. For this we
propose the size-biased reflected power function
(SBRPF) distribution as a modification to power function
distribution (PFD) introduced in [14].
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The SBRPF distribution is highly versatile due to its
straightforward formulation, making it applicable in
reliability engineering, biosciences, and forestry. The
parameters of the proposed distribution will be estimated
using MLE, MMLM, and MPE. Additionally, we will
demonstrate the practical application of the SBRPF
distribution.

The weighted distributions, introduced by [4] and
further developed by [6], includes size-biased and area-
biased distributions as special cases. These distributions
naturally arise in practice when sample observations are
recorded with unequal probabilities Additionally, the
transmuted weighted exponential [15] and other weighted
distributions are given by [16].

Control charts have become crucial tools for
monitoring product quality across various sectors,
particularly in agriculture and industry. It was [17]
who introduced. The exponentially weighted moving
average (EWMA). Then [18] provided modified EWMA
(MEWMA) control chart for monitoring the scale
parameter of Weibull distribution. The EWMA was
modified by [19] and named as exponentially EWMA
(EEWMA) control chart.

A new EWMA control chart, based on the log
transformation of sample variance, was discussed in [20].
This new chart was compared with several conventional
charts. Additionally, [21]-[26] explored new additional
monitoring charts

Model identification

The power function (PF) distribution is defined as

for (3) = FJEY;;, 0<y<§B. (1)

where y and £ is shape and scale parameter.

The RPF distribution is defined as

yig-x)¥~
gy

fapr(x) = f—f<x<@. -(2)
where y and f is shape and scale parameter. Also 0 is
reflecting parameter.

The PDF and cumulative distribution function (CDF) of
the SBRPF distribution is given as

xy (@=L p+1)

e -y} 8—B<x=<8. ..03)

feprer (x) =
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(B—s) Vi +8)+ @Y By -8y +11)}

Foprpr (x) = T iEy—8 (1] (%)

The survival function (SF), hazard rate function (HRF)
and quantile function (QF) for SBRPF distribution are
given by:

- ':9—1):'":1?+ 9)+|Eyilﬁ’}r—9':y+l)}

Sserpr(x) =1 B By 8y . ..(5)
_ xyiy+l)

hsgres (X) = 0—2) (ey +8) ...(6)

and

x, = [6% — B{B — 26}(p,— 1)] /. ()

Note that X, can be used to generate the SBRPF random

values.

Special cases

We reported two special cases of our proposed distribution
which are given below

1. Multiplying SBRPF distribution by the quantity

LT, gives the density function of the RPF
x(y

distribution.
2. Multiplying SBRPF distribution by %

and then by putting x = 8 —y, we obtain the PF
distribution.

Two special cases are presented in Figure 1, which
provides the loop of both cases.

SBRPF
distribution
If multiply the pdfof If multiply the pdfof
RPF distribution by SBRPF distribution
®(y+1) e LB G B
{eGy+1)—8v} =(y+1)
RPF
distribution

Figure 1: Probability distributions loop plot.
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Figure 1 shows probability distributions loop plot which
shows that we can get SBRPF from RPF distribution and
similarly we get RPF distribution from SBRPF model as
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Figure 2: Probability density function of the SBRPF distribution.

Figures 2 and 3 present the plots of the PDF of the
SBRPF distribution. The PDF plots demonstrate that this
proposed distribution can effectively fit a wide variety
of data types, including positively skewed, negatively
skewed, J-shaped, reversed-J-shaped, and symmetric
data.
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Figure 3: Plots for the HRF of the SBRPF distribution.

Figure 3 presents the plots of the HRF of the SBRPF
distribution. The HRF plot demonstrates that this
proposed distribution can effectively fit a wide variety
of data types, including positively skewed, negatively
skewed, J-shaped, reversed-J-shaped, and symmetric
data.
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Properties of SBRPF distribution

In this section various properties of the SBRPF distribution are discussed.

Limiting behaviors of SBRPF distribution

The limiting behaviors of the SBRPF distribution, for x — 0 and x — o, are given by

xy(6— X)V_l(Y+1)

L lim foprer (0 = 1im = m-p1)

. xy(0—x)Y"1(y+1) _
2. a}g?ofSBRPF(X) lg?o BY{O(y+D)-By}

— Y —
3 lir% Fepppp(X) = lim (0—x)Y(xy+6)+BY{By-0(y+1)}
X—

x—0 BY{By-0(y+1)} =0, fory=1,=0,8 =0.

4. lim Fepppp(x) = lim &0V OBTBY0G+) _ gy 0 — 0 g =1,0 = 0.
X—00

X—00 BY{By-6(y+1)}

(0—x)Y(xy+6)+BY{By-06(y+1)}
BY{By-6(y+1)}

5. lim Sggrpp(x) = lim 1 — =1,fory=1,=0,06=0.
x—-0 x—0

(6-x)Y(xy+0)+pY{By-06(y+1)}
BY{By-6(y+1)}

6. lim Sgpppr(x) = lim1 — =0,for y=0,=1,0=0.
X—00 X—00

_ — iy XYOHD
7. }Cl_r)r(l) hsgrpr(X) = }Cl_,o (6—x)(xy+6)

. 1 xy(y+1) _ —
8. )ll_rg hsprpr(X) = ;g{}o—(e—x)(xy+9) =0, for y=0,0=0.

Moments

The " moment about zero of SBRPF is below as

(r+j+2)
v(v+1)9TTvHl = DJ(FU)( (9 B) )

TR Ow+D)-vp) FIT0 (Tv—j)jir++2) (8)

The moment generating function defines the characteristics of a random variable.

) g—p\THi+2
M) = =2 guirsige O |15
B{6(v+1)—Br} =T ° J=0 (rv—j) ! r+j+2

(9)
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Order statistics
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The density function of j*, largest and smallest order statistics of the SBRPF distribution is obtained as

nl [xy(e — )1y + 1) [(9 — )y +0) + BBy — 0y + D}

IO = G Dim =i eG + D =61

[1 _ (0= (xy+6)+BY {By-0(y+1)} o

BY{By—-6(y+1)}

pr{py —6(y + 1)}

.(10)

xY(G—X)V‘l(V+1)] [(9—x)y(xy+0)+ﬁy{ﬁy—9(y+1)} not

g () =n [ BYEGAD—BY) BV By—6(r+1))

_ (0-0)Y(xy+0)+pY{By—0(y+1)}

D

XY(Q—X)Y_l(Y+1)] [

I =n [ BY6G D7)

Parameters estimation of the SBRPF

The parameters of SBRPF are estimated with two PE and
MLE. The results are obtained using the R programming
language. These estimation methods have also been
employed in studies [30]-[34].

Percentile estimators

The PE was given by [35]-[36]. Let
pi=i/n+1 be an unbiased estimator of

) _ (0-0)V(xy+6)+BY{By-6(y+1)}
Fsgrpr (x(i)' VB, 9) = BY{By—6(y+1)} » the

PE of the parameters from SBRPF obtained as after
minimizing the following function
2
P(y,B,0) = Ty [y — [67 — B(B — 26} — DI"2]
..(13)

with respect to vy,  and 6.
Maximum likelihood estimators
SBRPF model’s log-likelihood function reduces to

£() = ) loglx) + nlog() + (= 1) ) (0 = x)
i=1 i=1
+nlog(y + 1) — log(B)™ —nlog(6) —nlog(y + 1)

+n(y + 1) log(B) + nlog(y). ..(14)

BY{By-6(y+1)}

]n_l- .(12)

We can get MLE of the parameters by maximizing the
log-likelihood function.

Numerical analysis

We generated random numbers using SBRPF
distribution. We use different combinations of parameters
to numerically compare PE and MLE. For three sample
sizes: n = 150, 250 and 400 results are generated. We
repeated the procedure for N = 2000, during which the
SBRPF parameters are estimated for each parameter
combination and sample using both the PCE and MLE.
The average values (Avg) of the estimates and mean
square errors (MSE) are reported for all samples.

Method validation

From Table 1, it is clear that all estimation methods
exhibit the consistency; specifically, for all combinations
of parameters, the MSE decreases as we increase the n.

Real-life applications

The actual dataset consists of failure times for 20
components [37] is considered to compare the
performance of proposed distributions. We compared
the proposed model with the reflected power function
(RPF) [1] and the size-biased Mukherjee-Islam (SBMI)
distribution [38]. The Kolmogorov-Smirnov (KS) test
and its p-value, as well as the Hannan-Quinn information
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criterion (HQIC), Akaike information criterion (AIC),  (-log(§)) and Bayesian information criterion (BIC),were
consistent AIC (CAIC), negative log-likelihood function  used to make the comparison.

Table 1: Average and MSE of the SBRPF parameters for various sample sizes.

Parameters Avg of estimates MSE

Methods n ] . ~ . B
y B0 Avgl®  ave(B)  Ave(d) MSE(7) MSE(F)  MSE(8)

1s0 1 21 5 7.00012 2.09933  4.99971 36.00144 0.00301 0.00136

250 1.00952 2.09973  5.00122 0.00009 0.00180  0.00088
400 1.00021 2.10086  4.99962 0.00000 0.00112 0.00055
150 1 1.9 4 543512 1.90188  4.00093 19.67029 0.00264 0.00113
PCE 250 1.00323 1.89998  3.99930 0.00001 0.00148 0.00068
400 1.00008 1.90164  4.00026 0.00000 0.00091 0.00042
150 1 15 2 1.74984 1.50452  1.99892 0.56226 0.00249  0.00056
250 1.00027 1.50495 1.99942 0.00000 0.00146  0.00034
400 1.00001 1.50107  1.99941 0.00000 0.00082  0.00022
150 1 21 5 1895848  3.72082  4.99939  322.50761 2.62707  0.00060
250 2.46269 2.87735  4.99939 2.13946 0.60427  0.00016
400 1.00376  2.10808  4.99930 0.00001 0.00007  0.00004
150 1 19 4 1508033 3.08278  3.99940 198.25580  1.39896  0.00037
MLE 250 2.51481 2.69164  3.99934 2.29466 0.62670 0.00011
400 1.00339 1.90719  3.99926 0.00001 0.00005 0.00003
1so0 1 15 2 3.87385 1.93599  1.99934 8.25931 0.19009  0.00013
250 1.00378 1.50711 1.99928 0.00001 0.00005 0.00003
400 1.00116 1.50235 1.99935 0.00000 0.00001 0.00001

Table 2:  Descriptive statistics summary of real data.

Minimum 1* Quartile Median Mean 3¢ Quartile  Maximum

0.072 4.471 8.662 8.429 11.648 19.809

Table 2 presents a concise summary of the statistical ~ in the data. Also provide us mean, median and quartile
data. It provides us with minimum and maximum values  values of the data.

Table 3: The MLEs, and goodness-of-fit measures for failure time of 20 components.

Model MLEs KS p-value AIC BIC CAIC HQIC —log(#)

SBRPF 2.4764 19.7978 20.4586 0.14846 0.716 135.0122 137.9994 136.5122 135.5953 64.5061
RPF 3.4010 19.7904 19.9185 0.45654 0.0002 154.0047 156.9919 155.5047 154.5879 74.00236
SBMI 8.958771 19.9749 0.87201 0.0000 498.8489 500.8404 499.5548 499.2376 247.4244

March 2026 Journal of the National Science Foundation of Sri Lanka 54(1)
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Table 3 reports the MLE and all other measures for
comparison among the distributions. The data in this

23

table indicates that the SBRPF is superior for the studied

data compared to the competing models.
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Some plots of the real dataset.
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To assess the nature and behavior of the data, we
employed several visualizations, including Box plot, Q-
Q plots, total time in test (TTT) plot, and Kernal density
estimation (KDE) plots for the real dataset, as shown
in Figure 6. Using the same MLEs obtained for the
goodness-of-fit measures, in Figure 7, some important
plots are given. Additionally, the estimated density
plot and HRF plots for the real dataset are illustrated in

R Jabeen et al.,

Figure 8. Figure 9 compares the AIC, BIC, CAIC, and
HQIC values for the real dataset. These plots collectively
demonstrate the advantage of the suggested distribution
for the real-life dataset.

From Figures 6-9, it is clear that the SBRPF
distribution is more appropriate to use for this data and
demonstrate its flexibility to fit all types of data sets.

010

— y=24764
p=19.7978
8=20 4586

0.08

0.06

— y=24764
p=18.7978
6=20.4586

(TR [T
) [T
o T
I 20
EPL NSNS ————— — =S =
5 0 5 10 15 20 o 5 10 5 20
Estimated PDF 3D plot Estimated HRF 3D plot
Figure 8:  Estimated PDF (left panel) and estimated HRF (right panel).
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Figure 9:  Evaluation of AIC, BIC, CAIC, HQIC for the real dataset.
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Two proposed control monitoring

We introduce EWMA and EEWMA control charts, for
MLEs of the SBRPF distribution. We utilized the R
programming language to generate the results for these
new control charts.

The EWMA control monitoring

The EWMA statistics, say Z, based on the MLEs of
the SBRPF distribution is given by

A"y = A" VPuee » +(1 — A&*)A*(t—l);

we observe A*,, as the EWMA statistic, and A" 1)
represents the previous value of the EWMA statistic. Also
A is smoothing constant and Vumie) is the maximum
likelihood estimator of the shape parameter.

The EWMA control limits based on the MLEs of the
SBRPF distribution are given by

25

A**
UCLy) = 6o +L J Var (i) || 1 - (= 2)2],

.(15)

CLZ*(LL) = 50 ...(16)

and

2{**
LCLy-ty = 80 — L JVar(yMLE) [ﬁ] [1— (1 —2)2t].
..(17)
The EEWMA control chart

The EEWMA statistics, say E , based on the
MLE of the SBRPF distribution has the form
Ewy = ©1VmLee) — P2V mLe-1) + (1— @1+ 92) E¢-1),
where 0< ¢, <1,0<¢,<1,.

The EEWMA control limits based on the MLE of the SBRPF distribution are defined by

R 1(1- 2i
UCLgy = 8o + L\/Var(yMLE) [((pl2 +@,2)* (%

) —2(1-@, +9,)019, (

2i-2
1-(1-9+9,)
2 )

1-(1-p1+9;)

..(18)
and
_ _ - 2 " 1_(1_‘p1+¢2)2i _ _ 1_(1—‘P1+‘ﬂ2)2i_2
LeLe = 0 Ljvar(mw) [(<p1 +2’) <1—(1—rp1+rpz)z> 2=y +<p2)¢1(p2< 1-(1-91+9,)° )] .(20)

Performance evaluation of the control monitoring

We have evaluated the control monitoring charts as

follows:

1. Generate
distribution.

2. Compute VmiE, for the data generated in step 1.

3. Repeat the first two steps 2,000 times to calculate
( VmLe ).

4. Set control limits for the EWMA monitoring using
step 3.

random data from the SBRPF

5. Fix ARL, for both proposed control charts, and for
various shift values, compute ARL,. Repeat similar
steps for the EEWMA monitoring of the MLE.

The numerical results are reported in Table 4 and
illustrated in Figure 11. The findings indicate that
the EEWMA control monitoring based on VmLe)
, outperforms the EWMA control chart, as it detects
shifts more quickly compared to the EWMA control
monitoring.
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Table 4: Evaluation indices for EWMA and the EEWMA monitoring of the MLE
with ARL = 289.

ARL, =289

Shifts EWMA — ARL (VMLE(®)) EEWMA — ARL (VMLE(6))
0 289 289
0.05 289 276
0.1 288 74
0.12 284 74
0.14 281 74
0.6 239 17
0.7 237 17
1 196 17
13 172 12
1.6 153 10
2 91 10

4 1 1

Simulation results
ARL0O=289

T o e ARG A simulation study was conducted for the EWMA

Difference between and EEWMA control charts based on the MLE of the

SBRPF distribution. Initially, random observations were

generated from the SBRPF distribution with parameters

(7, B, ) = (1,2.1,5) to compute ¥mre . This process was

repeated for 40 samples to obtain the EWMA statistics Z,

and the control limits for the EWMA control chart. The

Z, values were plotted against the subgroups (samples)
o 1 2 3 4 in Figure 12.

ARLs
50 100 150 200 250 300

0
1

The same procedure was followed for the EEWMA
monitoring charts. The results are summarized in Table 5

Figure 11:  Comparison of EWMA and EEWMA control charts . . .
& part and illustrated in Figure 12.

based on the MLE through ARLs with ARL = 289.
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Figure 12: The EWMA and EEWMA monitoring of the MLE.
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Table 5:  Simulated results of the EWMA and EEWMA monitoring for the MLE.
EWMA 1 =0.02, L=10 EEWMA ¢,=0.065, ¢,=0.02,L=6
z UCL LCL E UCL LCL
1.004759 1.122616 0.877384 1.015465 1.250164 0.749836
1.004711 1.17168 0.82832 1.010166 1.29336 0.70664
1.016776 1.208186 0.791814 1.049179 1.327831 0.672169
1.022649 1.238034 0.761966 1.054982 1.356373 0.643627
1.037417 1.263536 0.736464 1.095768 1.380543 0.619457
1.050256 1.285894 0.714106 1.120398 1.401319 0.598681
1.061347 1.305832 0.694168 1.140704 1.419371 0.580629
1.060174 1.323827 0.676173 1.122451 1.435182 0.564818
1.059182 1.340215 0.659785 1.117574 1.449117 0.550883
1.075557 1.355243 0.644757 1.169138 1.46146 0.53854
1.087668 1.3691 0.6309 1.18824 1.472435 0.527565
1.090424 1.381935 0.618065 1.180801 1.482228 0.517772
1.094004 1.393869 0.606131 1.185671 1.490988 0.509012
1.106353 1.404999 0.595001 1.21817 1.498844 0.501156
1.109638 1.415408 0.584592 1.211713 1.505902 0.494098
1.130199 1.425164 0.574836 1.270725 1.512255 0.487745
1.128672 1.434328 0.565672 1.239288 1.51798 0.48202
1.127428 1.442951 0.557049 1.231763 1.523148 0.476852
1.149125 1.451077 0.548923 1.298802 1.527817 0.472183
1.185884 1.458746 0.541254 1.390271 1.532039 0.467961
1.196176 1.465992 0.534008 1.378498 1.535861 0.464139
1.206009 1.472847 0.527153 1.392166 1.539322 0.460678
1.209137 1.479338 0.520662 1.384317 1.542461 0.457539
1.217346 1.485491 0.514509 1.400047 1.545307 0.454693
1.227212 1.491327 0.508673 1.415848 1.54789 0.45211
1.236997 1.496868 0.503132 1.42949 1.550235 0.449765
1.244325 1.502131 0.497869 1.435054 1.552365 0.447635
1.27621 1.507135 0.492865 1.522916 1.554301 0.445699
1.284237 1.511895 0.488105 1.506657 1.55606 0.44394
1.294075 1.516424 0.483576 1.520755 1.55766 0.44234

While comparing EWMA and EEWMA, Figure 12
indicates that the process is out of control starting from
observation 32, leading to the conclusion that corrective
actions may be necessary. This detection is given by
EEWMA, making it more powerful Control monitoring
as compared to EWMA for SRPF distribution.

Real data application

Here, we extend the EWMA and EEWMA with real-life
data of “Electronic Component Failure time,” sourced
from [39]. The resulting plots based on this data are
shown in Figure 14.
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Table 5:  Simulated results of the EWMA and EEWMA monitoring for the MLE (continued).
EWMAA=0.02,L=10 EEWMA X, =0.065, 1, = 0.02, L=6
Z UCL LCL E UCL LCL
1.309651 1.520738 0.479262 1.551534 1.559115 0.440885
1.338554 1.524847 0.475153 1.619321 1.560439 0.439561
1.368199 1.528763 0.471237 1.674705 1.561644 0.438356
1.360935 1.532497 0.467503 1.608254 1.56274 0.43726
1.35676 1.536059 0.463941 1.590673 1.563738 0.436262
1.390283 1.539458 0.460542 1.693191 1.564647 0.435353
1.394637 1.542702 0.457298 1.660857 1.565474 0.434526
1.430629 1.545799 0.454201 1.761584 1.566228 0.433772
1.425408 1.548758 0.451242 1.694449 1.566915 0.433085
1.420938 1.551584 0.448416 1.672931 1.56754 0.43246
-z - E@)
oh — Uk « —- ucL
- LCL === LCL
0 | ]
ﬁ S | ﬁ S |
0 | ]
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Figure 14: The EWMA and EEWMA monitoring of MLE for the real dataset.

In Figure 14, the EWMA and EEWMA monitoring of
MLE are presented. In the right panel of Figure 14 that is
the result of EEWMA, indicators show that the process
is out of control from observation 36 onward. So once
again EEWMA proved itself as best control monitoring
to be used for SBRPF distribution.

CONCLUSION

Inthisresearch, weinitially presentthemodelidentification
for the proposed distribution. We investigate various
properties of this distribution and discuss estimation
methods, demonstrating the consistency of the mean
squared error (MSE) for all estimators derived from both
types of estimation methods. We also apply the proposed
distribution to real data, providing a summary of the
data, goodness-of-fit measures, and numerous plots.

These results illustrate that our proposed distribution
outperforms several existing distributions. Additionally,
we implement EWMA and EEWMA control charts
based on the maximum likelihood estimation (MLE)
of the SBRPF distribution, highlighting its practical
applications. From both Simulation studies and real life
application, we observe that EEWMA is more effective
control chart for detecting early change during a process
for SBRPF distribution.
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